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POSITIVE SCALAR CURVATURE ON MANIFOLDS
WITH FIBERED SINGULARITIES
BORIS BOTVINNIK AND JONATHAN ROSENBERG
Abstract. A (compact) manifold with fibered P -singularities is a (possibly) singular pseudoman-
ifold MΣ with two strata: an open nonsingular stratum M˚ (a smooth open manifold) and a closed
stratum βM (a closed manifold of positive codimension), such that a tubular neighborhood of βM
is a fiber bundle with fibers each looking like the cone on a fixed closed manifold P . We discuss
what it means for such an MΣ with fibered P -singularities to admit an appropriate Riemannian
metric of positive scalar curvature, and we give necessary and sufficient conditions (the necessary
conditions based on suitable versions of index theory, the sufficient conditions based on surgery
methods and homotopy theory) for this to happen when the singularity type P is either Z/k or S1,
and M and the boundary of the tubular neighborhood of the singular stratum are simply connected
and carry spin structures. Along the way, we prove some results of perhaps independent interest,
concerning metrics on spinc manifolds with positive “twisted scalar curvature,” where the twisting
comes from the curvature of the spinc line bundle.
1. Introduction
1.1. Manifolds with fibered singularities. In the paper [7], one of us studied the problem of
when a spin manifold with Baas-type singularities admits a metric of positive scalar curvature.
This was done when the singularities are a combination of the types Z/2 (a circle S1 equipped with
non-trivial spin structure) and the Bott manifold of dimension 8 (a geometric generator of Bott
periodicity in KO-homology). We will use the abbreviation psc-metric for metric of positive scalar
curvature.
This paper considers a similar problem of existence of positive scalar curvature metrics for spin
manifolds with fibered P -singularities, where P is a closed manifold. We take P to be a compact
Lie group, either a cyclic group Z/k for some k, or S1. In a sequel paper, we will study the case
where P is a compact semisimple Lie group, such as SO(3) or SU(2).
In more detail, let P be a closed manifold, and M be a compact manifold with boundary ∂M . We
assume that the boundary ∂M is a total space of a smooth fiber bundle p : ∂M → βM with the fiber
P . We denote by N(βM) the total space of the associated fiber bundle ∂M×P C(P )→ βM , where
the manifold P is replaced by the cone C(P ) fiberwise. The notation is a reminder that this will be
a tubular neighborhood of the stratum βM . The associated singular space MΣ := M∪∂M−N(βM)
has a singular stratum βM whose normal bundle has fibers homeomorphic to the cone on P , but
where the normal bundle is not necessarily a trivial bundle. We call MΣ a manifold with fibered
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P -singularity. Clearly the original manifold M with the given smooth fibration p : ∂M → βM
uniquely determines the singular space MΣ.
The situation we study fits nicely into a more general framework. The compact metrizable space
MΣ is taken to be a Thom-Mather stratified space (see [21]) of depth one. That means that MΣ is
the union of a smooth closed manifold βM (the singular stratum) and an open smooth manifold
(the regular stratum) M regΣ = MΣ r βM . There is an open neighborhood N of βM in MΣ, with a
continuous retraction pi : N → βM and a continuous map ρ : N → [0,∞) such that ρ−1(0) = βM ,
where pi : N → βM is a fiber bundle over βM with fiber C(P ), the cone over P , as above. The
original manifold M , called a resolution of MΣ, can be identified with MΣ r ρ−1([0, 1)), so that
the boundary ∂M = ρ−1(1) is the total space of a fibration over βM with typical fiber P . Clearly
the interior of M can be identified with the regular stratum M regΣ . Conversely, given a compact
manifold M with fibered boundary P → ∂M → βM , we obtain a Thom-Mather stratified space
with two strata by collapsing the fibers.
1.2. Riemannian metrics on manifolds with fibered singularities. There are (at least) two
natural definitions of a Riemannian metric on such a singular manifold MΣ. The first possibility,
which one can call a cylindrical metric, the definition used in [7], is a Riemannian metric in the usual
sense on the nonsingular manifold M , which is a product metric dr2 +g∂M on a collar neighborhood
on the boundary ∂M , such that the compact Lie group P acts by isometries of the boundary and
the map ∂M
p−→ βM is a Riemannian submersion. The curvature of such a metric is defined as
usual on the (nonsingular) manifold M . Such a metric also determines a Riemannian metric on
the “Bockstein” manifold βM .
Assume MΣ has a psc-metric g as above. Since the metric g is assumed to be a product metric in
a collar neighborhood of the boundary ∂M , the restriction g|∂M is a P -invariant psc-metric. Thus
the question of existence of a cylindrical psc-metric comes down to whether or not there exists
a P -invariant psc-metric on ∂M that extends to M . When P = SU(2) or SO(3), the boundary
∂M always has a P -invariant psc-metric by [19], for which the quotient map is a Riemannian
submersion, so the only question is whether or not this metric on ∂M extends to M . By contrast,
when P = Z/k, the map ∂M → βM is a covering map, and ∂M has a P -invariant psc-metric
if and only if βM has a psc-metric, for which there is a well-developed obstruction theory (e.g.,
[25, 26, 27, 9]). When P = S1, the same is true; i.e., ∂M has an S1-invariant psc-metric if and
only if βM has a psc-metric, but this now a hard theorem of Be´rard-Bergery [5, Theorem C].
The problem with the notion of cylindrical metric is that it doesn’t really take into account
the local structure near βM . A second possible definition is what one could call a conical metric
on MΣ. In this point of view, the primary object of study is the singular manifold MΣ, not the
manifold M with non-empty boundary. A conical metric is again an ordinary Riemannian metric
on the nonsingular part of MΣ (which is diffeomorphic to the interior of M), but we require its
local behavior near the singular stratum to look like dr2 + r2gP +p
∗gβM , where gP is a translation-
invariant (standard) metric on P , gβM is a metric on the singular stratum βM , and r is the
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distance to the singular stratum. Note that such a metric on the nonsingular stratum is necessarily
incomplete. We assume that near the boundary of the tubular neighborhood N(βM), the metric
transitions to a cylindrical psc-metric on (M,∂M), and thus existence of a conical psc-metric is
a stronger requirement than existence of a cylindrical psc-metric. When P = S1 or SU(2) = S3,
the cone on P is homeomorphic to R2 or R4, and so a conical metric near the singular stratum
Σ locally looks like an ordinary rotationally invariant Riemannian metric on a vector bundle over
βM , of fiber dimension 2, resp., 4, and actually extends to a smooth Riemannian metric on MΣ.
Here is our main question:
Question: When does MΣ admit a cylindrical or conical psc-metric?
Remark 1.1. In general, existence of cylindrical and of conical psc-metrics are two different ques-
tions. However, they are the same provided P = Z/k, since then the term r2gP drops out of the
definition of conical metric. When P = S1, there are some cases where existence of a cylindrical
psc-metric implies existence of a conical psc-metric, but for the most part we will focus on the
latter, which has greater geometric significance.
1.3. Main results. We consider two cases: when P = Z/k or P = S1.
1.3.1. The case of P = Z/k. We denote by Ωspin,Z/k-fb∗ (−) the bordism theory of spin manifolds
with fibered Z/k-singularities, and by MSpinZ/k-fb the spectrum which represents this bordism
theory.
In more detail, the group Ω
spin,Z/k-fb
n (X) consists of equivalence classes of maps f : MΣ → X,
where MΣ is the singular space associated to an n-dimensional spin manifold M with fibered Z/k-
singularities (with given Z/k-fold regular covering map p : ∂M → βM preserving the spin structure
on ∂M induced from the spin structure on M). Two such maps f : MΣ → X and f ′ : M ′Σ → X are
said to be equivalent if there is a spin bordism M : M  M ′ between M and M ′ as spin manifolds
with boundary, with a k-fold regular covering map p : ∂M → βM given by a free action of Z/k on
∂M , such that the restrictions p|∂M and p|∂M ′ coincide with the corresponding maps p : ∂M → βM
and p′ : ∂M ′ → βM ′, and there is a map f : M → X restricting to f and f ′ on M and M ′. In
particular, the manifold βM gives spin bordism of regular closed spin manifolds βM : βM  βM ′.
The groups Ω
spin,Z/k-fb
n are closely related to the regular spin bordism groups; indeed, there is
an exact triangle
(1)
Ωspin∗ Ω
spin,Z/k-fb
∗
Ωspin∗ (BZ/k)
//i
ww
β
gg
τ
Here i : Ωspin∗ → Ωspin,Z/k-fb∗ is the homomorphism which considers a regular spin manifold as
a manifold with empty singularity, the degree −1 homomorphism β : Ωspin,Z/k-fb∗ → Ωspin∗−1(BZ/k)
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takes a Z/k-fibered manifold M to the map βM → BZ/k classifying the Z/k-folded regular covering
p : ∂M → βM , and finally, τ : Ωspin∗ (BZ/k)→ Ωspin∗ is a standard transfer.
We denote by KO the spectrum representing real K-theory, and by α : MSpin → KO the map
of spectra corresponding to the index map α : Ωspin∗ → KO∗. The transfer map τ in KO gives the
map of spectra τKO : KO ∧ (BZ/k)+ → KO; we denote by KOZ/k-fb the cofiber of the map τKO.
Then there is a natural map αZ/k-fb : MSpinZ/k-fb → KOZ/k-fb which makes the following diagram
of spectra commute:
(2)
MSpin ∧ (BZ/k)+ MSpin MSpinZ/k-fb
KO ∧ (BZ/k)+ KO KOZ/k-fb
//τ

α∧Id
//i

α

αZ/k-fb
//τ
KO
//i
KO
.
It turns out that the map αZ/k-fb is still not quite the right “index map”, since index theory
doesn’t detect all of KOZ/k-fb, and the classes of the obvious psc-manifolds with fibered Z/k-
singularities defined by even-dimensional disks with a free Z/k-action on the boundary sphere
will map nontrivially under αZ/k-fb. However, by composing αZ/k-fb with the real assembly map
KO∗−1(BZ/k)→ KO∗−1(R[Z/k]) and its splitting we get the index homomorphism
indZ/k-fb : Ω
spin,Z/k-fb
∗ → KOZ/k-fb∗ .
(See Definition 2.5 and the comments just before it for more details.) The image contains the
torsion (all of order 2) in the KO-theory of the real group ring of the cyclic group Z/k. Here is our
first main result on the existence of psc-metrics:
Theorem A. Let M be a spin manifold with fibered Z/k-singularities, of dimension n ≥ 6. Assume
that ∂M is non-empty, and both M and ∂M are connected and simply connected, and the action
of Z/k on ∂M preserves the spin structure. Then M admits a metric of positive scalar curvature
if and only if indZ/k-fb([M ]) vanishes in the group KO
Z/k-fb
∗ .
Outline. Here is an outline of the proof. In order to prove necessity of vanishing of indZ/k-fb([M ]), we
use C∗-algebraic index theory to show that indZ/k-fb([M ]) is indeed an obstruction to the existence
of a psc-metric on a spin manifold M with fibered Z/k-singularities. On the other hand, we show
also that the existence of a psc-metric on M depends only on the corresponding bordism class
[M ] ∈ Ωspin,Z/k-fb∗ . To prove that vanishing of the index indZ/k-fb([M ]) is sufficient, we analyze the
spectra MSpinZ/k-fb and KOZ/k-fb. In particular, we construct the cofiber sequences
(3)
{
MSpin(Z/k) → MSpinZ/k-fb → Σ(MSpin ∧BZ/k),
KO(Z/k) → KOZ/k-fb → Σ(KO ∧BZ/k),
where MSpin(Z/k) and KO(Z/k) denote MSpin and KO with Z/k coefficients respectively. Moreover,
we show that the map αZ/k-fb is consistent with these decompositions.
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To finish the proof, we use the transfer map T• : Ω
spin,Z/k-fb
∗ (BG)→ Ωspin,Z/k-fb∗+8 from [29], where
G = PSp(3). Recall that G is the isometry group of the standard metric on HP2, and T• takes a
map f : B → BG to the total space E of the geometric HP2-bundle E → B induced by f .
The diagram (2) allows us to use (3) and the transfer map T• to show that all elements of the
kernel ker indZ/k-fb ⊂ Ωspin,Z/k-fbn of the index map can be represented by a manifold with fibered
Z/k-singularities carrying a psc-metric. 
1.3.2. The case P = S1. This case in some ways is similar to the case of Z/k-singularities; however,
it has new interesting features.
Let M be a manifold with fibered S1-singularities, i.e., M comes with a free S1-action on the
boundary ∂M . Let ∂M → βM be the smooth S1-fiber bundle given by this action. Since the
cone on S1 is R2, the corresponding pseudomanifold MΣ is actually a smooth manifold, but with
a distinguished codimension two submanifold βM . There are two separate problems to consider:
the existence of a cylindrical psc-metric, which is analogous to a psc-metric on a manifold with
Baas-type singularities, or the existence of a conical psc-metric, which is about the pseudomanifold
MΣ, but we focus primarily on the latter.
We assume that M is a spin manifold. However, it is worth pointing out that under our definition
of fibered S1-singularities, even if M is spin, βM or MΣ may not be. For example, suppose
M = D2n is the unit disk in Cn, and we equip ∂M = S2n−1 with the usual free action of S1 by
scalar multiplication by complex numbers of absolute value 1. Then βM = ∂M/S1 = CPn−1 is
non-spin if n is odd, and MΣ = CPn is non-spin if n is even.
In general, the S1-fiber bundle p : ∂M → βM is given by some classifying map f : βM → CP∞
which induces a complex line bundle L → βM . We split βM into the disjoint union of its path-
components: βM =
⊔
βiM . Then for each component βiM , we have two possibilities:
(i) βiM is spin,
(ii) βiM is non-spin.
In the case (i), the restriction L|βiM could be an arbitrary complex line bundle. In the case (ii),
w2(βiM) 6= 0 has to be in the kernel of the homomorphism p∗ : H2(βiM ;Z/2)→ H2(∂M ;Z/2) since
∂M is spin. This means that c1(L|βiM ) ≡ w2(βiM) mod 2 and L|βiM determines a spinc-structure
on βiM . Thus the fiber bundle p : ∂M → βM always splits into spin and spinc-components:
p(spin) : ∂M (spin) → βM (spin), p(spinc) : ∂M (spinc) → βM (spinc).
Thus the Bockstein operator β can be described as
(4) β : M 7→ {(βM (spin), f |M(spin)), (βM (spin
c), f |M(spinc))}.
We denote by Ωspin, S
1-fb
∗ (−) the bordism theory of spin manifolds with fibered S1-singularities and
by MSpinS
1-fb the corresponding spectrum which represents this bordism theory; see section 3 for
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more details. The Bockstein operator (4) induces a homomorphism
β : Ωspin, S
1-fb
n → Ωspinn−2(CP∞)⊕ Ωspin
c
n−2 .
Then we have a transfer map
τ : Ωspinn−2(CP
∞)⊕ Ωspincn−2 → Ωspinn−1.
The transfer τ takes a pair (N,L) ∈ Ωspinn−2(CP∞) or (N,L) ∈ Ωspin
c
n−2 (in second case L is a spin
c-
structure on N) to the total space N˜ of the corresponding S1-fiber bundle N˜ → N . We show that
there is an exact triangle
(5)
Ωspin∗ Ωspin, S
1-fb
∗
Ωspin∗ (CP∞)⊕ Ωspin
c
∗
//i
uu
β
ii
τ
where i : Ωspin∗ → Ωspin, S
1-fb
∗ takes a closed spin-manifold M to a manifold with empty fibered
S1-singularity. At the level of spectra, we obtain the following cofibration:
Σ(MSpin ∧ CP∞+ ) ∨ ΣMSpinc τ−→ MSpin i−→ MSpinS
1-fb.
Just as in the Z/k-case, we consider corresponding K-theories and obtain the following commutative
diagram of spectra:
(6)
Σ(MSpin ∧ CP∞+ ) ∨ ΣMSpinc MSpin MSpinS1-fb
Σ(KO ∧ CP∞+ ) ∨ ΣKU KO KOS1-fb
//τ

Σ(α∧Id)∨Σαc
//i

α

αS
1-fb
//τ
KO
//i
KO
Here α : MSpin→ KO and αc : MSpinc → KU are the corresponding index maps.1 In particular, we
have the index homomorphism αS
1-fb : Ωspin,S
1-fb
n → KOS1-fbn . Here is the second main result, on
the existence of a conical psc-metric on a spin manifold with fibered S1-singularities:
Theorem B. Let M be a spin manifold with fibered S1-singularities, of dimension n ≥ 7. Assume
that ∂M is non-empty and connected, and M and βM are simply connected. Then M admits a
conical metric of positive scalar curvature if and only if αS
1-fb([M ]) vanishes in the quotient of the
group KOS
1-fb
n by Kn−4, where αS
1-fb : Ωspin,S
1-fb
n → KOS1-fbn is the above index map.
Outline. Just as in the Z/k-case, we show that the map αS1-fb provides an obstruction to the exis-
tence of a psc-metric and that the existence of a psc-metric on M depends only on the bordism class
[M ] ∈ Ωspin,S1-fbn . This guarantees the necessity in Theorem B. Again we need more information on
the spectra KOS
1-fb and MSpinS
1-fb. In particular, we prove the splittings:
(7)
MSpinS
1-fb ' Σ2MSpin ∨ Σ2MSpinc ∨ (extension of Σ4MSpinc by MSpin),
KOS
1-fb ' Σ2KO ∨ Σ2KU ∨ KO ∨ KU
1For more about these maps, see [15].
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The final step consists of studying the kernels of the index maps MSpin → ko and MSpinc → ku.
In the case of MSpin, Stolz [29, 30] showed that kerα : Ωspin∗ → ko∗ is the image of a transfer map
T• : Ω
spin
∗ (BG)→ Ωspin∗+8, where G = PSp(3) and the transfer amounts to taking the total space of an
HP2-bundle. One can do something similar in the (easier) case of kerαC : Ωspin
c
∗ → ku∗, where this
time (since MSpinc splits 2-locally as a sum of Σ4jku’s and some Z/2 Eilenberg-Mac Lane spectra;
see [24, §8] and [15, p. 184]), the transfer amounts to taking the total space of CP2-bundles instead
of HP2 bundles.2 Details of this argument may be found in Section 5. Then (6) allows us to use the
splitting (7) and the transfer to show that all elements of the kernel kerαS
1-fb ⊂ Ωspin,S1-fbn of the
index map are realized by HP2- or CP2-bundles and hence can be represented by manifolds with
fibered S1-singularities carrying a psc-metric.
The theorem also holds even when ∂M is disconnected, assuming the appropriate indices vanish
on each component of βM . 
1.4. Plan of the paper. The organization of the rest of the paper is quite straightforward. Section
2 deals in detail with the case of fibered Z/k-singularities, and includes all the details of the proof
of Theorem A. Section 3 explains the precise definition of conical psc-metrics in the case of fibered
S1-singularities, and includes all the details of the proof of Theorem B, except for two results
of possibly independent interest which are needed for the proof of sufficiency, namely the spinc
bordism theorem, which is proved in Section 4, and the theorem on CP2-bundles, which is proved
in Section 5.
1.5. Acknowledgments. We would like to thank Paolo Piazza for many useful suggestions on the
subject of this paper. We expect Paolo to be a coauthor on a subsequent paper dealing with other
singularity types P . We would also like to thank Bernd Ammann, Bernhard Hanke, and Andre´
Neves for organizing an excellent workshop at the Mathematisches Forschungsinstitut Oberwolfach
in August 2017 on Analysis, Geometry and Topology of Positive Scalar Curvature Metrics, which
led to the present work.
2. The case of fibered Z/k-singularities
This section will be about giving necessary and sufficient conditions for a manifold with fibered
Z/k-singularities to admit a psc-metric, under the additional conditions that M and ∂M are con-
nected, simply connected, and spin. In particular, we prove Theorem A.
2.1. Some definitions. Recall that a compact closed manifold with fibered Z/k-singularities means
a compact smooth manifold M with boundary, equipped with with a smooth free action of the
group P = Z/k on ∂M . We denote by βM the quotient space ∂M/P ; we have a covering map
p : ∂M → βM . The associated singular space is MΣ = M/∼, where ∼ identifies any two points
in ∂M having the same image in βM . We use the notation (M,∂M → βM) to emphasize the
2 There is an additional complication one has to be careful about. There are many spinc-structures on CP2, and
we need one for which the image in ku4 vanishes. This is not the one given by the complex structure, for which the
image under αC in ku4 ∼= Z is the Todd genus, which is 1.
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above Z/k-fibered structure. Note that a Z/k-manifold in the sense of Sullivan and Baas [32, 3] is
a special case.
Just as in the case of Sullivan-Baas singularities, we say that a smooth manifold M (with non-
empty regular boundary ∂M) is a manifold with fibered Z/k-singularities with boundary δM = M
if the boundary ∂M is given a splitting ∂M = δM ∪∂1M together with free Z/k-action on ∂1M . It
is required that M ∩∂1M = ∂M so that the Z/k-action on ∂1M restricts to a given free Z/k-action
on ∂M . In particular, we obtain that the Z/k-covering ∂1M → βM restricted to ∂M coincides
with the Z/k-covering ∂M → βM , where ∂(βM) = βM . We denote by MΣ the associated singular
space where we identify those points in ∂1M which belong to the same orbit under Z/k-action.
Note that then δMΣ = MΣ by definition.
Remark 2.1. We should emphasize that M should be thought as a manifold with corners, where
its corner is the manifold ∂(δM) = δM ∩ ∂1M = −∂(∂1M); see Fig. 1.
M
M = δM
βM∂1M β -
βM
∂1M
Figure 1. A manifold M with fibered singularities and corners
A metric of positive scalar curvature on M is a Riemannian psc-metric on M , which is a product
metric in a collar neighborhood of the boundary ∂M , and with the metric on ∂1M Z/k-invariant.
If δM = ∅, it defines a psc-metric on a closed manifold with fibered Z/k-singularities.
2.2. Bordism theory. Here we set up the bordism theory and the variant of K-theory that will
be needed in this section. We use a slight modification of the bordism theory of Baas [3]. Below
we assume that all manifolds in this section are spin.
Let X be a topological space. Then the group Ω
spin,Z/k-fb
n (X) consists of equivalence classes of
maps f : MΣ → X, where MΣ is the singular space associated to an n-dimensional spin manifold
(M,∂M→βM) with fibered Z/k-singularities, with Z/k preserving the spin structure on ∂M (this
is only an issue if k is even). Two such maps f : MΣ → X and f ′ : M ′Σ → X are said to be equivalent
if there exist a spin manifold M with fibered Z/k-singularities with boundary δM = M unionsq−M ′ and
a map f : M → X restricting to f and f ′ on M and M ′ respectively.
We use notation M : M  M ′. In particular, the manifold βM gives a regular spin bordism
between closed manifolds: βM : βM  βM ′.
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Exactly as in [3], it is easy to see that Ω
spin,Z/k-fb
∗ (−) is a homology theory given by a spectrum
MSpinZ/k-fb. There is an obvious natural transformation i : Ωspin∗ (−) → Ωspin,Z/k-fb∗ (−) which is
given by considering closed spin manifolds as manifolds with empty fibered Z/k-singularity. The
Bockstein operator M 7→ βM comes together with a map h : βM → BZ/k classifying the Z/k-
covering p : ∂M → βM . This determines the transformation β : Ωspin,Z/k-fb∗ (−)→ Ωspin∗ (−×BZ/k)
of degree −1. Then we have a transformation
τ : Ωspin∗ (−×BZ/k)→ Ωspin∗ (−)
of degree 0, given by a transfer: it sends a map f : N → X × BZ/k to the lift f˜ : N˜ → X, where
N˜ is the k-fold cover of N determined by the composite pr2 ◦ f : N f−→ X ×BZ/k
pr2−−→ BZ/k.
Just as in [3, Theorem 3.2] and [7, §2.1], there is an exact triangle of (unreduced) bordism
theories
(8)
Ωspin∗ (−) Ωspin,Z/k-fb∗ (−)
Ωspin∗ (−×BZ/k)
//i
uu
β
ii
τ
Restating the above assertion in slightly different language, we have the following:
Proposition 2.2. The transfer τ defines a map of bordism spectra τ : MSpin∧ (BZ/k)+ → MSpin,
and MSpinZ/k-fb is the cofiber of this map.3
Proof. Clearly, this is just a restatement of the assertion above about the exact triangle (8). To
explain the geometry involved, we write out the geometrical proof of the corresponding exact
sequence:
· · · β−→ Ωspinn (BZ/k) τ−→ Ωspinn i−→ Ωspin,Z/k-fbn β−→ Ωspinn−1(BZ/k) τ−→ · · · .
That β ◦ i = 0 is clear. To see that τ ◦ β = 0, observe that if M has fibered Z/k-singularities
and ∂M = N˜ , βM = N , then τ ◦ β([M ]) = [N˜ ]. And N˜ bounds as a spin manifold since
∂M = N˜ . To see that i ◦ τ = 0, note that given N → BZ/k with corresponding covering N˜ , then
i◦τ([N → BZ/k]) = [N˜ ], and this is 0 since N˜ bounds as a manifold with fibered Z/k-singularities;
take W = N˜ × [0, 1] with ∂1W = N˜ × {0}, δW = N˜ × {1}, βW = N × {0} ∼= N .
To get kerβ ⊆ image i, observe that if M has fibered Z/k-singularities and βM bounds as a
spin manifold with mapping to BZ/k, say βM = ∂N , then the associated k-fold covering N˜ has
boundary ∂M , and M is bordant as a spin manifold with fibered Z/k-singularities to the closed
manifold M ∪∂M −N˜ . To get ker τ ⊆ imageβ, observe that if N → BZ/k is a spin manifold with
specified k-fold covering N˜ , and if N˜ is a spin boundary, say ∂M = N˜ , then M is a spin manifold
with fibered Z/k-singularities and with β[M ] = [N → BZ/k]. Finally, to see that ker i ⊆ image τ ,
suppose M is a closed manifold that bounds as a manifold with fibered Z/k-singularities. Then
3 Here, as usual, the subscript + indicates the addition of a disjoint basepoint, and is needed to convert from
unreduced to reduced homology theories.
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there is a W with ∂W decomposed into two pieces: one of them a copy of M and the other M˜ ′
projecting down to some M ′; this shows M is bordant to M˜ ′ in the image of τ . 
2.3. Relevant K-theory. We denote by KO the spectrum representing real K-theory. The trans-
fer map τ : MSpin ∧ (BZ/k)+ → MSpin has its analog in K-theories:
(9) τKO : KO ∧ (BZ/k)+ → KO,
which is compatible with the transfer map for k-fold coverings of spin manifolds. Let KO
Z/k-fb
∗ (−)
be the K-theory associated to the cofiber KOZ/k-fb of the transfer map (9).
From this definition it follows that the groups KO
Z/k-fb
∗ fit into a long exact sequence
(10) · · · → KOn(BZ/k) τ
KO−−→ KOn i
KO−−→ KOZ/k-fbn β
KO
−−→ KOn−1(BZ/k) τ
KO−−→ KOn−1 → · · · ,
where when we decompose KOn(BZ/k) as KOn ⊕ K˜On(BZ/k), τKO is multiplication by k on the
first summand and 0 on the second. A similar statement holds for spin bordism. Thus we have the
following:
Proposition 2.3. We have exact sequences
(11) 0→ Ωspin(Z/k)n → Ωspin,Z/k-fbn β−→ Ω˜spinn−1(BZ/k)→ 0
and
(12) 0→ KO(Z/k)n → KOZ/k-fbn β
KO
−−→ K˜On−1(BZ/k)→ 0.
Here Ωspin∗ (Z/k) and KO∗(Z/k) denote spin bordism and real K-theory with Z/k coefficients. If k
is odd, then the group KO
Z/k-fb
n vanishes except when n is even, when KO
Z/k-fb
n is an extension of
K˜On−1(BZ/k) by KOn ⊗ (Z/k), and consists of odd torsion.
Proof. Most of this follows immediately from the exact sequences in Proposition 2.2 and (10).
When k is odd, KOn(pt;Z/k) = KOn ⊗ (Z/k), which is Z/k when 4|n, 0 otherwise. Since
H˜∗(BZ/k) is only nonzero in odd dimensions, the result follows. 
Finally, we need to consider the relationship between the spectra MSpinZ/k-fb and KOZ/k-fb. Let
α : MSpin → KO be the usual Atiyah-Hitchin orientation for spin manifolds (corresponding to the
KO-index of the Dirac operator). The following result is a consequence of the naturality of the
transfer:
Proposition 2.4. There is a map of spectra αZ/k-fb : MSpinZ/k-fb → KOZ/k-fb making the following
diagram commute:
MSpin ∧ (BZ/k)+ τ //
α∧1

MSpin
i //
α

MSpinZ/k-fb
αZ/k-fb

KO ∧ (BZ/k)+ τ
KO
// KO
iKO // KOZ/k-fb.
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The last step is setting up the correct index map which will give the obstruction to a psc-metric
on a compact manifold with fibered Z/k-singularities. For this we need to recall the construction
of the assembly map (see for example [27, 4]). This is much simpler in the case we need here of a
finite group G.4 There is a map of spectra
KO ∧BG+ assemb−−−−→ KO(R[G]),
where KO(R[G]) denotes the K-theory spectrum of the real group ring, viewed as a Banach algebra,
which can be defined in several ways. One method, developed by Loday [20] in a slightly different
context, is to use the map on classifying spaces induced by the inclusion G ↪→ GL(R[G]). An
alternative is to think of assembly as an index map. Given a class in KOn(BG), represented, say,
by the Dirac operator ∂/M on a closed spin manifold M
n with coefficients in some auxiliary bundle,
together with a map M → BG classifying a G-covering M˜ of M ,
assemb(∂/,M → BG) = indR[G] (∂/
M˜
)
,
where the right-hand side is the index of the lifted G-invariant operator on M˜ with coefficients in
R[G]. Since the assembly map for the trivial group is just the identity map, we can peel this off
and consider also the reduced assembly map
a˜ssemb : KO ∧BG −→ KO(R˜[G]),
where R˜[G] is the sum of the simple summands in the group ring corresponding to all irreducible
(real) representations except for the trivial representation. When G is cyclic of odd order, all
representations except for the trivial representation are of complex type, so the groups KO∗(R˜[G])
are torsion-free while K˜O∗(BG) is torsion. Hence the map a˜ssemb vanishes in homotopy. When
G is cyclic of even order, it has exactly two irreducible representations of real type, the trivial
representation and the sign representation. These are homomorphisms G → O(1) = {±1}. The
remaining representations are of complex type. In this case, it is shown in [27, Theorem 2.5] that
a˜ssemb is a split surjection onto the torsion of KO∗(R˜[G]), which consists of Z/2 in each dimension
∗ ≡ 1, 2 (mod 8).
Definition 2.5. The index obstruction map (which appears in the statement of Theorem A) is
the map indZ/k-fb : Ω
spin,Z/k-fb
∗ → KOZ/k-fb∗ defined by composing the map αZ/k-fb of Proposition
2.4 with projection onto the inverse image of the torsion in K˜O∗−1(R[Z/k]). (Recall that assembly
gives a split surjection from K˜O∗−1(BZ/k) onto the torsion in K˜O∗−1(R[Z/k]), and that we have
the short exact sequence (12).)
2.4. Existence of a psc-metric. The next step is to prove a “bordism theorem” for psc-metrics
on spin manifolds with fibered Z/k-singularities, which will give a sufficient condition for such a
manifold (under the conditions that M and ∂M are connected and simply connected) to admit a
psc-metric.
4 The Baum-Connes assembly map (for a finite group) is a map KOG∗ (pt)→ KO∗(R[G]), and is an isomorphism.
The assembly map we use here is the composition of that map with the natural map KO∗(BG) = KOG∗ (EG) →
KOG∗ (pt).
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Theorem 2.6 (Cf. [7, Theorem 7.4(1)]). Let M be a spin manifold with non-empty fibered Z/k-
singularities, dimM = n ≥ 6. Assume that both M and ∂M are connected and simply connected,
and Z/k preserves the spin structure on ∂M . If the bordism class [M ] ∈ Ωspin,Z/k-fbn contains a
representative M ′ admitting a psc-metric, then M also admits a psc-metric.5
Proof. The proof is essentially the same as that of [7, Theorem 7.4(1)], using spin surgeries either
in the interior of M ′ or on βM ′ (and then lifted to ∂M ′). 
Consider the following commutative diagram:
(13) Ωspin,pscn
i //
 _

Ω
spin,psc,Z/k-fb
n
β
//
 _

Ωspin,pscn−1 (BZ/k) _

Ωspinn
i // Ω
spin,Z/k-fb
n
β
// Ωspinn−1(BZ/k),
where the bottom row exact by Proposition 2.4, and the top row are the subgroups of the groups on
the bottom that are generated by manifolds admitting psc-metrics. It is easy to see that Theorem
2.6 implies the following
Corollary 2.7. Let M satisfy the condition of Theorem 2.6. Then it admits a psc-metric if and
only if its bordism class [M ] ∈ Ωspin,Z/k-fbn lies in the subgroup Ωspin,psc,Z/k-fbn ⊆ Ωspin,Z/k-fbn .
We will now use the index obstruction map indZ/k-fb : Ω
spin,Z/k-fb
∗ → KOZ/k-fb∗ of Definition 2.5
in the main existence theorem for psc-metric on manifolds with fibered Z/k-singularities:
Theorem 2.8. Let M be a simply connected spin manifold with fibered Z/k-singularities, of dimen-
sion n ≥ 6. Assume that ∂M is non-empty, connected, and simply connected, and that the action
of Z/k preserves the spin structure on ∂M . If the element indZ/k-fb([M ]) ∈ KOZ/k-fbn vanishes,
then M admits a psc-metric.
Proof. First suppose k is odd. By Proposition 2.3, KO
Z/k-fb
n vanishes when n is odd, so in this case
indZ/k-fb([M ]) automatically vanishes. But in this case Ωspinn (Z/k) and Ω˜spinn−1(BZ/k) also vanish, so
the result follows from Corollary 2.7.
Now suppose k is odd and n is even. Since the homology groups H˜∗(BZ/k,Z) are concentrated
in odd degrees, the Atiyah-Hirzebruch spectral sequence for Ω˜spin∗ (BZ/k) collapses and these groups
are also concentrated in odd degrees, where all classes are linear combinations of generators of the
form L2m+1×N4p, where L2m+1 denotes a lens space of dimension ≥ 3. (There is a little trick here
for getting rid of generators of the form S1 ×N4p — see [26, proof of Theorem 1.3] and [8].) But(
D2m+2×N4p, S2m+1×N4p → L2m+1×N4p) is a spin manifold with fibered Z/k-singularities and
positive scalar curvature. So subtracting off suitable positive scalar curvature classes from [M ], we
can reduce to the case where β([M ]) is trivial in bordism, and thus (by the exact sequence (11))
5 Note that the representative M ′ ∈ [M ] could be a manifold with empty singularity, but that M has to have
∂M 6= ∅.
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that [M ] lies in the image of Ωspin(Z/k)n under i. Now recall that Ωspin∗ is a direct sum of ko∗,
detected by the Atiyah-Hitchin obstruction α, and the image of the transfer map
T : Ωspin∗ (B Sp(3))→ Ωspin∗+8,
representing total spaces of HP2-bundles with positive scalar curvature. Since indZ/k-fb([M ]) = 0
and indZ/k-fb is faithful on ko∗ ⊗ (Z/k), the component of [M ] in KO(Z/k)n vanishes, and so [M ]
in Ωspin(Z/k)n is represented by a manifold of positive scalar curvature. This completes the proof
when k is odd.
Now consider the case k = 2r · s, where r ≥ 1 and s is odd. The situation with the odd torsion is
exactly the same as before, so it is no loss of generality to assume k = 2r. Only the torsion behaves
differently than when k is odd, so we can localize at 2. After doing so, the spectrum MSpin splits
(additively, not multiplicatively) as a direct sum
MSpin(2) = ko ∨M,
where M consists of “higher summands”, i.e., suspensions of ko and ko〈2〉 and Eilenberg-Mac Lane
spectra H(Z/2), see [1]. Then as was shown by Stolz (see [29, 30]), the spectrum M is in the image
of the transfer map
T : MSpin ∧ Σ8B PSp(3)+ → MSpin .
We proceed as before, assuming that indZ/k-fb([M ]) = 0 and looking at the image of [M ] in
Ω˜spinn−1(BZ/k) in the exact sequence (11). This is a sum of k˜on−1(BZ/k) and a summand coming
from M, represented by total spaces of HP2-bundles with positive scalar curvature. This second
summand is the image under β of HP2-bundles over manifolds with fibered Z/k-singularities, so
these admit positive scalar curvature. Subtracting these off, we may assume that the image of
[M ] lies in k˜on−1(BZ/k). The periodization map kon−1(Z/k) → KOn−1(Z/k) will turn out to be
injective, so we can look at periodic K-homology instead.
Let’s look at K˜On−1(BZ/2r) in more detail. By [27, Theorem 2.5], this group is a direct sum
of 2r−1 − 1 copies of the divisible group Z/2∞ = Z/Z[12 ] for all even n, with one more copy of
Z/2∞ when n is divisible by 4, and a copy of Z/2 when n ≡ 2, 3 (mod 8).6 The copies of Z/2
map nontrivially under the Baum-Connes assembly map, and lie in the image of corresponding
summands in k˜on−1(BZ/2r), by [8, Lemma 2.8]. The analysis of the Atiyah-Hirzebruch spectral
sequence in the proof of that lemma shows in fact that the “periodization” map
kon−1(BZ/2r)→ KOn−1(BZ/2r)
is injective in all degrees. So if [M ] is in the kernel of indZ/2
r
we can assume M represents a bordism
class corresponding to one of the Z/2∞ summands in K˜On−1(BZ/2r). By [8, §5], that means we
can assume βM is represented by a linear combination of lens spaces (when n ≡ 0 (mod 4)) or lens
spaces bundles over S2 (when n ≡ 2 (mod 4)).
6 All of this comes from dualizing the Atiyah-Segal Theorem and looking at the decomposition of the group ring
R[Z/2r] ∼= R2 ⊕ C2r−1−1.
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First suppose βM is represented by a lens space. This case is very much like the corresponding
step in the case with k odd. We can take a disk Dn, equipped with the constant-curvature metric
from the upper hemisphere in Sn, and βM can then be identified with the quotient of ∂Dn = Sn−1
by an isometric Z/k-action. So subtracting this off from the bordism class of M , we can reduce to
the case where M is a spin boundary and admits positive scalar curvature. This covers the case
n ≡ 0 (mod 4). When n ≡ 2 (mod 4), the situation is only slightly more complicated. Because
of [8], we proceed as in the case n ≡ 0 (mod 4) but with disks replaced by disk bundles over S2.
These still have positive scalar curvature so again we can subtract them off and assume the class
[M ] lies in the image of Ωspin(Z/2r)n. Again this group splits as a direct sum of ko(Z/2r)n and
a piece coming from the spectrum M, represented by total spaces of HP2-bundles with positive
scalar curvature. This latter piece is no problem, so finally we can assume [M ] is in the image of
ko(Z/2r)n and has vanishing index obstruction. As before that means it represents a bordism class
corresponding to one of the Z/2∞ summands in K˜On(BZ/2r), which come from lens spaces or lens
spaces bundles over S2. These have positive scalar curvature so we are done. 
2.5. Obstruction to the existence of a psc-metric. Let M be a manifold with fibered Z/k-
singularities as above. Then the locally compact groupoid C∗R(M ;Z/k) is defined exactly as in [28,
§2]; it has unit space N , where N = M ∪∂M ∂M × [0,∞) is M with infinite cylindrical ends added
to the boundary, and the groupoid structure is defined by the equivalence relation ∼ which is trivial
on M itself and given by the action of P = Z/k on ∂M × (0,∞). Recall that C∗R(M ;Z/k) is an
extension
(14) 0→ Γ0((0,∞)× βM,A)→ C∗R(M ;Z/k)→ CR(M)→ 0,
where A is a bundle over (0,∞)× βM with fibers isomorphic to Mk(R) and with trivial Dixmier-
Douady class, and there is also a “target” real C∗-algebra C∗R(pt;Z/k) which is an extension
(15) 0→ CR0 ((0,∞),Mk(R))→ C∗R(pt;Z/k)→ R→ 0.
The long exact sequence of the extension (15) in KO-homology7 has connecting map
KOn−1(pt) ∼= KOn((0,∞)) ∼= KO−n(CR0 ((0,∞),Mk(R))) → KO1−n(R) ∼= KOn−1(pt)
induced by the unital ring map R → Mk(R), and hence given by multiplication by k. Thus
KO−n(C∗R(pt;Z/k)) ∼= KOn(pt;Z/k). Here are our main results about this situation.
Theorem 2.9 (Obstruction Theorem). Let M be a spin manifold with fibered Z/k-singularities.
Assume that the action of Z/k on ∂M preserves the induced spin structure. Then the Dirac operator
on M has a well-defined index
indZ/k(M) ∈ KO−n(C∗R(pt;Z/k)) ∼= KOn(pt;Z/k)
7We’re following a common abuse of terminology and calling K-homology or KO-homology the theory that goes
by this name on spaces, even though it is contravariant on C∗-algebras.
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which is independent of the choice of Riemannian metric on M . If M has psc-metric, then this
index must vanish.
Proof. This is essentially [28, Definition 4.2] together with [28, Theorem 5.3], except for the fact
that the covering map p : ∂M → βM need not split. If one looks at the proof given there, the
splitting is never used, so this is not a problem. 
2.6. Proof of Theorem A. Now we can put all the pieces together. Recall the statement:
Theorem 2.10 (Theorem A). Let M be a spin manifold with fibered Z/k-singularities, dimM =
n ≥ 6. Assume that M and ∂M are both non-empty and simply connected, and that Z/k preserves
the spin structure on ∂M . Then the vanishing of the index obstruction indZ/k(M) is necessary and
sufficient for M to admit a psc-metric.
Proof. Sufficiency is in Theorem 2.8. For necessity, there are two pieces, due to the fact that indZ/k
has two components. The necessity of vanishing of the first component, in KOn(pt;Z/k), is covered
by Theorem 2.9. The necessity of vanishing of the second component, in K˜O(R[Z/k]), is simply
[26, Theorem 3.3] or [27, Theorem 3.1], applied to βM . 
Remark 2.11. It is easy to modify the statement and proof to apply to the situation where ∂M is
disconnected, but each component of ∂M is simply connected. We leave the details to the reader.
3. The case P = S1
In this section we modify the same program for manifolds with S1-fibered singularities. Since
the cone on S1 is R2, in this case the pseudomanifold MΣ is actually a smooth manifold, but with
a distinguished codimension-2 submanifold βM . Our aim is prove Theorem B, thereby answering
a version of the question in Section 1.2. Along the way we will prove some partial results about
cylindrical metrics of positive scalar curvature.
The following is the exact analogue of the definitions in Section 2.1, but we want to restrict the
metric to have a particular form near βM .
Definition 3.1. A (compact) manifold with S1-fibered singularities will mean a compact smooth
manifold M with boundary, equipped with with a smooth free action of P = S1 on ∂M . We denote
by βM the quotient space ∂M/S1; we have a principal S1-bundle p : ∂M → βM . We can think
of p as the unit circle bundle of a complex line bundle p˜ : L → βM . The associated manifold is
MΣ = M/∼, where ∼ identifies any two points in ∂M lying in the same S1-orbit.
We notice that MΣ is indeed a manifold since the cone on S
1 is R2; in fact, we can identify MΣ
with the smooth manifold obtained by gluing the disk bundle T of L to M along their common
boundary ∂M ∼= ∂T . (Of course we do this in such a way that the resulting manifold is oriented,
so that one should think of ∂T = −∂M , and this, rather than ∂M , is really the disk bundle of L.)
Definition 3.2. A cylindrical metric of positive scalar curvature on M is a Riemannian metric of
positive scalar curvature on M , which is a product metric in a collar neighborhood of the boundary
∂M , and with the metric S1-invariant on ∂M .
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Clearly the disk bundle T is also serves as a tubular neighborhood of βM ⊂MΣ, and comes with
the projection map p˜ : T → βM .
Definition 3.3. A conical metric of positive scalar curvature on M is a metric of positive scalar
curvature on MΣ which is S
1-invariant on the tubular neighborhood T of βM , and which on this
tubular neighborhood has the form (p˜)∗gβM +h, where gβM is a metric of positive scalar curvature
on βM and h is a hermitian metric on the line bundle L over βM , smoothed out near the boundary
∂T = −∂M to match a metric of the form dr2 + g∂M on M . More precisely, we fix a connection
on the line bundle L, giving a choice of horizontal tangent space at each point in the total space
of L, and make the horizontal and vertical spaces perpendicular, with the metric (p˜)∗gβM on the
horizontal tangent space and the metric h on the vertical tangent space.
This definition is consistent with the idea that a conical metric should have the approximate
form dr2 + r2gS1 + (p˜)
∗gβM near βM .
We notice that since the metric on a neighborhood of ∂M is either exactly (in the cylindrical
case) or approximately (in the conical case) of the form g∂M +dr
2, if M admits a metric of positive
scalar curvature (in either sense), so does ∂M . By [5, Theorem C], this implies that βM has a
metric of positive scalar curvature. 
Remark 3.4. Since the paper [5] is published in a rather inaccessible place (not even indexed by
MathSciNet or Zentralblatt), for the benefit of the reader, we repeat the essence of the argument
here. Theorem C from [5] states that if one has a closed n-manifold N with a free action of S1,
giving a principal S1-bundle p : N → B, then the manifold N admits an S1-invariant metric of
positive scalar curvature if and only if B admits positive scalar curvature. The “if” direction is
relatively easy given [33, Theorem 3.5]; a metric gB of positive scalar curvature on B lifts to an
S1-invariant metric gN on N with totally geodesic fibers. Let κN and κB be the scalar curvatures
of N and B, respectively. By the O’Neill formulas [23], κB = κN + ‖A‖2, where A is the O’Neill
tensor, and rescaling gN on the circle fibers, one can make ‖A‖2 small so that κN > 0.
For the other direction, assume we have an S1-invariant metric gN of positive scalar curvature on
N , and let gB be the induced metric on B and let κB and ∆B be its scalar curvature and Laplacian.
(We use the analysts’ sign convention in which ∆B has nonpositive spectrum.) We need to have
n ≥ 3, since if N is a closed 2-manifold fibering over S1, then N is a torus or Klein bottle and does
not admit positive scalar curvature. Let f be the function on B which at x ∈ B gives the length
of the S1-fiber over x. Be´rard-Bergery computes from the O’Neill formulas that if κN > 0, then
κB + 2
∆Bf
f
> 0.
From this it follows that after making the conformal change g˜B = f
4
n−2 gB the manifold (B, g˜B) has
positive scalar curvature. 
Example 3.5. (i) This example is adapted from [5, Example 9.2]. Let βM be a K3 surface (which
is a simply connected spin 4-manifold with nonzero Â-genus). Then βM does not admit a metric of
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positive scalar curvature, but there is a circle bundle ∂M over βM with simply connected total space
∂M . To construct such a bundle, it is enough to choose a primitive element of H2(βM,Z) ∼= Z22 for
the first Chern class c1. The manifold ∂M is necessarily spin, since T∂M ∼= p∗TβM⊕V , where V is the
real tangent line bundle along the circle fibers, which is trivial, and thus w2(T∂M ) = p
∗w2(TβM ) = 0.
∂M is a spin boundary, since Ωspin5 = 0. So choosing M to have boundary ∂M , we get a spin 6-
manifold M with S1-fibered singularities, which we can choose to be simply connected. By Van
Kampen’s Theorem, the associated manifold MΣ is also simply connected. As will be seen later (cf.
Remark 3.6), MΣ is spin
c but not spin, and it admits a metric of positive scalar curvature by [12,
Theorem C], but βM does not. This gives a nontrivial example where the singular manifold MΣ
admits a metric of positive scalar curvature but M itself does not admit positive scalar curvature
(either conical or cylindrical) in the sense of Definition 3.1.
(ii) We can also construct a “complementary” example where βM admits a metric of positive
scalar curvature, and ∂M admits an S1-invariant metric of positive scalar curvature, but M does
not admit positive scalar curvature (either conical or cylindrical) in the sense of Definition 3.1.
Take MΣ to be an exotic 10-sphere with α(MΣ) nontrivial in KO10 ∼= Z/2. Cut out a disk and
let M = MΣ r D˚10. Then ∂M = S9, which of course has a free S1 action with quotient space
βM = CP4. Note that MΣ, M , ∂M , and βM are all simply connected, and that ∂M and βM admit
standard metrics of positive curvature, but that this metric on ∂M cannot extend to a metric of
positive scalar curvature on M , since if it did, patching with a standard metric on T = D10 would
give a metric of positive scalar curvature on MΣ, which is ruled out by the α-invariant.
(iii) The following example is one where MΣ admits positive scalar curvature but there is a
torsion obstruction to positive scalar curvature in the sense of Definition 3.1, due to failure of
βM to admit a metric of positive scalar curvature. Start with βM = Σ10#CP5, where Σ10 is a
homotopy 10-sphere with nonzero α-invariant (i.e., representing the generator of KO10). Since the
α-invariant is additive on connected sums, βM does not admit a metric of positive scalar curvature.
However, the manifold βM is a fake complex projective space, so it admits a principal S1-bundle
for which the total space ∂M is a homotopy 11-sphere. There being no torsion in Ωspin11 , the exotic
sphere ∂M is a spin boundary and we can choose a spin 12-manifold M with S1-fibered singularities
having boundary this circle bundle over βM . By [5, Theorem C], there is no S1-invariant metric
of positive scalar curvature on ∂M . 
Remark 3.6. Let M be a spin manifold with S1-fibered singularities as in Definition 3.1. Assume
for simplicity that ∂M is connected. Since M is a compact spin manifold with boundary, ∂M carries
a natural spin structure. The principal bundle p : ∂M → βM is the circle bundle associated to a
complex line bundle p˜ : L→ βM . The tangent bundle of ∂M splits as the direct sum of p∗(T (βM))
and the real line bundle along the circle fibers, which is trivial. Thus 0 = w2(∂M) = p
∗(w2(βM)).
So w2(βM) ∈ ker p∗, which by the Gysin sequence is the F2-span of c1(L) reduced mod 2. Hence
either βM is spin, or else L is nontrivial and w2(βM) = c1(L) mod 2.
Note that the tangent bundle of the tubular neighborhood N of βM coincides with the direct
sum p˜∗T (βM) ⊕ p˜∗L, and that N has a deformation retraction down to βM . By the additivity
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formula for Stiefel-Whitney classes, plus the fact that for a complex line bundle viewed as a real
2-plane bundle, c1 reduces mod 2 to w2, we see that N (and hence also MΣ) is spin exactly when
w2(βM) = c1(L) mod 2. Furthermore, if ∂M and βM are both simply connected, then from the
long exact homotopy sequence
0→ pi2(∂M) p∗−→ pi2(βM) ∂−→ pi1(S1) = Z→ 0,
we see that c1(L) ∈ H2(βM ;Z) ∼= Hom(pi2(βM),Z) has to be non-zero mod 2, so βM and MΣ
cannot both be spin. The example given before of βM = CPn−1 and MΣ = CPn is instructive in
this regard.
The fact that βM and MΣ cannot both be spin in this case, whereas they will both be spin when
the link P is higher-dimensional, can be explained by the fact that a spin structure on a manifold
is equivalent to a trivialization of the tangent bundle over the 2-skeleton (for a CW decomposition)
(see, e.g., [18, Theorem II.2.10]). Since, in our case, βM has codimension 2, we do not have room
to push βM away from this 2-skeleton. For that we would need the singular stratum to have
codimension at least 3.
Example 3.7. The following is a more general version of the same example. Let MΣ be a simply
connected spinc manifold which is not spin, i.e., with w2(M) 6= 0. (CPn is an example if n is
even.) The spinc condition means we have fixed a complex line bundle L on MΣ such that c1(L)
reduces mod 2 to w2(MΣ). Choose a submanifold βM (which will have codimension 2 in MΣ) dual
to L; by construction, c1(L), and thus also w2(MΣ), is trivial on the complement M of a tubular
neighborhood N of βM , so we get a spin manifold M with boundary ∂M , and ∂M is a circle
bundle over βM . We get the line bundle L associated to this circle bundle by pulling back L via
the inclusion ι : βM ↪→MΣ, and N can be identified with the disk bundle of L. Furthermore, βM
is a spin manifold, since
w2(βM) +
(
c1(L) mod 2
)
= w2
(
TMΣ|βM
)
= ι∗w2(MΣ) =
(
c1(L) mod 2
)
,
which says that w2(βM) = 0. 
3.1. The case of P = S1: obstruction theory. Now we want to set up an obstruction theory
that will show that in some cases, a spin manifold M with S1-fibered singularities does not carry
a metric of positive scalar curvature in the sense of Definition 3.1. It will not actually matter
whether we use the cylindrical metric or conical metric definition, but we concentrate on the latter
(Definition 3.3), which is in many respects more natural. We assume that M and βM are both
simply connected. Then MΣ will be as well (by Van Kampen’s Theorem). As we saw back in
Definition 3.1, there is an obvious necessary condition: both βM and MΣ must admit metrics of
positive scalar curvature (in the usual sense for closed manifolds).
Let M be a simply connected spin n-manifold with S1-fibered singularities. Assume that βM is
also simply connected. If βM is spin, assume that [βM ] = 0 in KOn−2. (In other words, if βM
is spin, the α-invariant of βM , the KO-valued index of its Dirac operator, vanishes, and thus βM
admits a metric of positive scalar curvature by [29]. Note that if βM is not spin, then βM admits
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a metric of positive scalar curvature by [12].) Fix a metric of positive scalar curvature on βM . As
pointed out in the proof of [12, Theorem C], once one has normalized the arclength of the S1 fibers
of the map p : ∂M → βM , this determines uniquely via [33, Theorem 3.5] an S1-invariant metric
g∂M on ∂M with totally geodesic fibers, which will have positive scalar curvature if we make the
fibers short enough. Attach an infinite cylinder ∂M × [0,∞) to M along ∂M , give the end the
product metric g∂M + dr
2, and extend to a metric g on M ∪∂M (∂M × [0,∞)). Since g has positive
scalar curvature except perhaps on a compact set (namely, M), the Cln-linear Dirac operator on
this open manifold is Fredholm and has a well-defined index in KOn. We call it the relative index
since it is essentially the same as the relative index invariant defined in [13, §4].
Theorem 3.8. Under these circumstances, the relative index in KOn is an obstruction to g∂M
extending to a metric of positive scalar curvature on M in either of the senses of Definition 3.1.
Proof. This is obvious, as existence of a metric of positive scalar curvature on M extending the
given S1-invariant metric g∂M on ∂M implies that the Dirac operator has spectrum bounded away
from 0, by the Lichnerowicz identity, and thus has vanishing index. Note by the way that the
relative index can depend on the isotopy class of the positive scalar curvature metric on βM , which
was used to define the S1-invariant metric g∂M on ∂M . 
3.2. The case of P = S1: geometry of the tubular neighborhood. For use later on, we want
to study in more detail the geometry of the tubular neighborhood T of βM in a conical metric. Just
for this subsection, to simplify notation, we replace βM by B and p˜ by p. Consider the following
general setting:
Let B be a Riemannian manifold, and let p : L→ B be a complex line bundle over B, equipped
with a connection ∇L and a hermitian metric h. View the total space of L as a Riemannian
manifold with the associated conical metric as in Definition 3.3. Then the projection p becomes
a Riemannian submersion with totally geodesic flat fibers. We denote by A and T the associated
O’Neill tensors (see [23]), and by F the curvature 2-form of the line bundle L. 8
Proposition 3.9. Let p : L → B be a complex line bundle over B with connection ∇L and her-
mitian metric h, as above. Denote by X and Y horizontal vector fields projecting to vector fields
X∗ and Y∗ on B, and by V and W vertical vector fields. Then
(i) AXV = 0 and AXY =
1
2iF (X∗, Y∗)∂z, with ∂z denoting differentiation by z in the fiber
direction;
(ii) for v, w vertical unit tangent vectors and x, y horizontal unit tangent vectors, the sectional
curvatures of L are
Kvw = Kvx = 0, Kxy = K̂x∗y∗ −
3
4
|F (x∗, y∗)|2 〈∂z, ∂z〉h;
here x∗ = dp(x), y∗ = dp(y), and K̂ is the sectional curvature on the base manifold B.
8We normalize F to be purely imaginary; many authors normalize it to be real. This would introduce a factor of
i but wouldn’t change the formula for the curvature.
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Proof. By the construction of the conical metric, dp is an isometry on horizontal vectors, and so p
is a Riemannian submersion. Similarly, the metric on the fibers is just the flat Euclidean metric
defined by h, and the fibers are totally geodesic. So the O’Neill tensor T vanishes identically. We
have AXV = 0 since if we lift a geodesic in B to a horizontal geodesic in L, then locally, this
geodesic and a vertical straight line span a totally geodesic flat submanifold in L. Thus everything
follows from [23, Corollary 1, p. 465] once we check that AXY =
1
2iF (X∗, Y∗)∂z. This in turn
follows from the definition of the covariant derivative and curvature in terms of the connection. Let
X∗ and Y∗ partial derivatives with respect to local coordinates in B, lifted up to basic vector fields
on L. Then [X∗, Y∗] = 0 on B and
AXY =
1
2
[X,Y ]V =
∂z
2i
(p∗F )(X,Y ) =
1
2i
F (X∗, Y∗)∂z
(see for example [10, Ch. 1] for some of the relevant calculations). 
Corollary 3.10. Let B be a closed Riemannian manifold, and let p : L → B be a complex line
bundle over M , equipped with a connection and a hermitian metric h. View the total space of L as
a Riemannian manifold with the associated conical metric. If L has positive scalar curvature, then
so does B. Conversely, if B has positive scalar curvature, then by rescaling the metric h we can
arrange for the scalar curvature of L to be bounded below by a positive constant.
Proof. Immediate from the sectional curvature formulas for L in Proposition 3.9. 
3.3. The case of P = S1: bordism theory. Now we want to consider the analogue of the
definition from Section 2.2.
Definition 3.11. Let X be a topological space. The group Ωspin, S
1-fb(X) will consist of equivalence
classes of maps f0 : MΣ → X, where MΣ is the closed manifold associated to an n-dimensional
spin manifold (M,∂M) with S1-fibered singularities in the sense of Definition 3.1. Two such maps
f0 : MΣ → X and f1 : M ′Σ → X are said to be equivalent if there is a spin bordism M between
M and M ′ as spin manifolds with boundary, with a principal S1-bundle p : ∂M → βM given by a
free action of S1 on ∂M , such that the restrictions p|∂M and p|∂M ′ coincide with the corresponding
maps p : ∂M → βM and p′ : ∂M ′ → βM ′, and there is a map f : M → X restricting to f0
and f1 on M and M
′. In particular, the manifold βM gives spin bordism of closed manifolds
βM : βM  βM ′. 
Exactly as in [3], it is easy to see that Ωspin, S
1-fb
∗ (—) is a homology theory represented by a
spectrum MSpinS
1-fb. We need the analogues of (8) and of Proposition 2.2, but this is somewhat
more involved since, as we have seen in examples, βM is not always spin. Thus the “Bockstein
map” β will take its values in a direct sum of two bordism groups, one spin and one spinc. In fact
(if ∂M has multiple components), βM can have components in both groups.
We have three natural transformations here. The first one
i : Ωspin∗ (—)→ Ωspin, S
1-fb
∗ (—)
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is given by considering closed spin manifolds as manifolds with empty S1-fibered singularity. Then
the Bockstein operator M 7→ βM comes together with a map f : βM → BS1 = CP∞ classifying
the S1-bundle ∂M → βM , or equivalently a line bundle L over βM . Note that on each connected
component βiM of βM there are two possibilities: βiM can be spin, in which case there is no
restriction on the line bundle L over βiM , or else βiM can be non-spin, in which case to get a spin
structure on ∂M , w2(βiM) has to be in the kernel of p
∗, which means c1(L|βiM ) mod 2 = w2(βiM)
and L determines a spinc structure on βiM . This determines the transformation
β : Ωspin, S
1-fb
∗ (—)→ Ωspin
c
∗ (—)⊕ Ωspin∗ (—× CP∞)
of degree −2. Finally we have a transformation
τ : Ωspin
c
∗ (—)⊕ Ωspin∗ (—× CP∞)→ Ωspin∗ (—)
of degree +1 which is a transfer: it sends a map f : N → X to f˜ : N˜ → X, where N˜ is the total
space of the S1-bundle determined by the line bundle over N given by either the map to CP∞ or
by the spinc structure.
Theorem 3.12. We have an exact triangle of (unreduced) bordism theories
(16)
Ωspin∗ (—) Ωspin, S
1-fb
∗ (—)
Ωspin
c
∗ (—)⊕ Ωspin∗ (—× CP∞)
//i
tt
β
jj
τ
.
Proof. As this is all we really need, we will show that
(17) · · · β−→ Ωspincn−1 ⊕ Ωspinn−1(CP∞) τ−→ Ωspinn i−→ Ωspin, S
1-fb
n
β−→ Ωspincn−2 ⊕ Ωspinn−2(CP∞) τ−→ · · ·
is exact. First we note a few easy facts: β ◦ i = 0, since the image of i consists of (classes of) closed
manifolds with empty boundary; τ ◦ β = 0, since τ ◦ β([M,∂M ]) = [∂M ], and ∂M bounds M ; and
i ◦ τ = 0, since if M p−→ N is a principal S1-bundle with associated complex line bundle L over N
and N spinc or spin and M spin, then i ◦β([N,L]) = [M ]. Let W = M × [0, 1] with βW = N . (See
the comments in the parallel argument in the proof of Proposition 2.2.)
Next, let’s show that ker τ ⊆ imageβ. Suppose we have a spinc manifold N1, with line bundle L1
associated to the spinc structure, and a spin manifold N2 with line bundle L2. Then τ([N1, L1] +
[N2, L2]) = 0 means that the disjoint union M1 qM2 is a spin boundary, where Mj is the circle
bundle over Nj defined by Lj . Let P be a spin manifold with boundary M1 qM2. Then P is a
spin manifold with S1-fibered singularities and β(P, ∂P ) = [N1, L1] + [N2, L2].
Let’s show that kerβ ⊆ image i. Suppose β([M,∂M ]) = 0. That means (βM,L) bounds in the
appropriate sense, i.e., if βM = β1M q β2M with β1M spin and β2M spinc, then [β2M ] = 0 in
Ωspin
c
n−2 and [β1M,L1] = 0 in Ω
spin
n−2(CP∞). Then changing things up to bordism, we can assume βM
is actually empty, and then clearly M lies in the image of i.
Finally, we show that ker i ⊆ image τ . Suppose M is a closed spin n-manifold and i([M ]) = 0.
That means that M bounds, not necessarily in the sense of spin manifolds, but in the sense of
spin manifolds with S1-fibered singularities. Choose M bounding M , with a free S1-action on ∂M .
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This means in particular that M is the total space of a principal S1-bundle over a spin or spinc
manifold, so [M ] lies in the image of τ . 
Lemma 3.13. The transfer map τ of (17) vanishes identically, and there is a natural splitting of
β from Ωspin
c
n−2 ⊕ Ωspinn−2 ⊕
(
a finite-index subgroup of Ω˜spinn−2(CP∞)
)
to Ωspin, S
1-fb
n .
Proof. First suppose N is a spinc manifold and L is the line bundle defined by the spinc structure.
Then the total space of L is a spin manifold, as explained in Remark 3.6 and in Example 3.7. Hence
the disk bundle T (L) of L is a spin manifold bounding the circle bundle of L, which is τ(N,L), and
so τ([N,L]) is trivial in spin bordism. Mapping N back to (−T (L),−∂T (L)) gives us a splitting of
β from Ωspin
c
n−2 to Ω
spin, S1-fb
n .
Similarly, the summand Ωspinn−2 is represented by the classes of a spin manifold N with the trivial
line bundle L = N × C over it. In this case the disk bundle N of L is just N ×D2, and it bounds
the circle bundle N × S1, which again is trivial in spin bordism. So τ([N,L]) = 0 in both cases.
A splitting map Ωspin
c
n−2 ⊕ Ωspinn−2 → Ωspin, S
1-fb
n can be constructed using the same idea: given (N,L),
we send it to the disk bundle of L, which is a spin manifold with S1-fibered singularities and with
Bockstein N .
The other summand in the domain of τ is Ω˜spinn−2(CP∞). We can describe the transfer map τ on
this summand with the aid of [6, §6]. (We are indebted to [29] for this reference.) This comes from
a Thom map ΣCP∞ → S, where S is the sphere spectrum, which comes from stabilizing the map
ΣCPn → S2n+1 collapsing all but the very top cell. Since this map is null-homotopic (in the limit
as n→∞), the transfer map τ vanishes.
Note that it was asserted in [31, Proposition, p. 354] that Ω˜spinn−2(CP∞) is isomorphic to Ω
spinc
n , but
this appears to be a misprint, since, for example, Ωspin
c
0
∼= Z and Ω˜spin−2 (CP∞) = 0. The correct state-
ment may be found in [7, Remark 5.10], that there is an equivalence MSpinc ' MSpin ∧ Σ−2CP∞,
or in other words Ωspin
c
n
∼= Ω˜spinn+2(CP∞). (The geometric interpretation of this is that dualizing
a complex line bundle over a closed spin manifold gives a codimension-2 spinc submanifold.) So
Ω˜spinn−2(CP∞) ∼= Ωspin
c
n−4 .
It remains to construct a splitting from (a subgroup of) Ω˜spinn−2(CP∞) to Ω
spin, S1-fb
n . Given a spin
manifold Nn−2 with a line bundle L over it, if c1(L) is even, i.e., if it reduces mod 2 to 0, then the
total space of L is a spin manifold and, again, sending N to (the negative of) the disk bundle of L
gives a splitting map for β. This gives a splitting on a finite-index subgroup of Ω˜spinn−2(CP∞). 
Restating Theorem 3.12 and Lemma 3.13 in slightly different language, we have the following:
Proposition 3.14. The bordism spectrum MSpinS
1-fb splits as the direct sum of Σ2MSpin∨Σ2MSpinc
and of an extension (which splits after inverting 2) of Σ4MSpinc by MSpin.
Proof. This follows from the homotopy-theoretic description of the bordism groups and Lemma
3.13. 
Definition 3.15. The orientation maps α : MSpin→ KO and αc : MSpinc → K for spin and spinc
manifolds respectively are defined by taking the index of the appropriate Dirac operator. Then the
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maps α and αc give a map of spectra
(18) indS
1-fb : MSpinS
1-fb → Σ2KO ∨ Σ2K.
In more detail, the K component corresponds to the αc invariant for MΣ, and the KO component
corresponds to the α invariant for spin components of βM . In addition, the relative index of
Theorem 3.8 is defined on the kernel of indS
1-fb, since when indS
1-fb(M,∂M) = 0, then there is a
canonical metric of positive scalar curvature on ∂M extending over a tubular neighborhood of βM ,
and we can compute the index obstruction to extending this metric over M .
Theorem 3.16 (Cf. [7, Theorem 7.4(1)]). Let M be a simply connected spin manifold with S1-
fibered singularities, of dimension n ≥ 7. Assume that each component of βM is simply connected.
If the class of M in Ωspin, S
1-fb
n contains a representative M ′ of positive scalar curvature, then M
admits a metric of positive scalar curvature.
Proof. As we saw in Lemma 3.13, Ωspin, S
1-fb
n is built out of spin and spinc bordism groups. For the
spin bordism groups, the proof is essentially the same as that of [7, Theorem 7.4(1)], using spin
surgeries either in the interior of M ′ or on βM ′ (and then lifted to ∂M ′). For the spinc bordism
groups, the proof will be given in Theorem 4.3. 
Now we are ready for the main theorem of this section. The proof relies on Corollary 5.3, which
will be proved in Section 5.
Theorem 3.17. Let (M,∂M) be a spin n-manifold with S1-fibered singularities, with n ≥ 7,
determined by an S1-bundle p : ∂M → βM . Assume that M and βM are simply connected. Then
M admits a conical metric of positive scalar curvature in the sense of Definition 3.1 if and only
if the bordism class of M maps to 0 in KOn−2 ⊕Kn−2 under the map indS1-fb from (18) and the
relative index of Theorem 3.8 vanishes in KOn.
Remark 3.18. Note that the case of η-type singularities of [7, Theorem 1.1] is subsumed in
Theorem 3.17. In the case considered there, p is a trivial bundle and ∂M = η× βM , where η is S1
with its non-bounding spin structure and βM is spin. In that case, MΣ is spin
c and the obstruction
constructed in the proof on pages 715–716 of [7] is the component of indS
1-fb with values in Kn.
Also in that case, because of the classical exact sequence
· · · → KUn β−→ KOn−2 η−→ KOn−1 → KUn−1 → · · · ,
vanishing of KUn index implies that α(βM) = 0 in KOn−2, so it wasn’t necessary to worry about
this component of indS
1-fb, and βM automatically had positive scalar curvature. Similarly, in this
case the relative index in KOn also vanishes when the KUn index vanishes.
Proof of Theorem 3.17. We begin with the necessity of the condition, which doesn’t involve the
dimensional restriction n ≥ 7. Vanishing of the KOn−2 term when βM is spin is needed for βM
to admit a metric of positive scalar curvature, which as we have seen is a necessary condition.
Similarly, vanishing of the KOn term when MΣ is spin is needed for MΣ to admit a metric of
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positive scalar curvature, which is also a necessary condition. If βM is spinc but not spin, then the
KOn−2 index automatically vanishes, and βM admits a metric of positive scalar curvature. Then
by Corollary 3.10, with the right scaling of the metric on the fibers, there is a conical metric on the
tubular neighborhood T of βM which also admits positive scalar curvature.
We claim the KUn index of the spin
c Dirac operator ∂/MΣ on MΣ is also an obstruction to positive
scalar curvature. As we indicated before, this obstruction already appeared in [7, pp., 715–716],
and appears in the case where βM is spin but the line bundle L over it (giving rise to the structure
of T ) has c1(L) nonzero mod 2. Suppose MΣ has a conical metric of positive scalar curvature. On
M itself, ∂/MΣ is just the usual Dirac operator on M , and its square is just ∇∗∇ + 14κM , which is
bounded away from 0. On T , the spinc line bundle enters also, and we get instead ∇∗∇+ 14κT +RL,
where the term RL has the form
RL = 12
∑
j<k
FL(ej , ek) · ej · ek,
where one sums over an orthonormal frame and with FL is the curvature of line bundle L. Since the
index is invariant under a homotopy of the metric, we can replace the original conical metric on T
by the restriction of a metric on the CP1-bundle compactification P(L⊕1) of the line bundle L over
βM , and by making the CP1 fibers very small, we can get the scalar curvature of T to dominate
the RL term. (This is exactly the same argument that was used in [7].) Hence the square of the
spinc Dirac operator can be bounded strictly away from 0 everywhere, and when (M,∂M) admits
a conical metric of positive scalar curvature, the KU -index of ∂/MΣ must vanish, which is what we
wanted to show.
The argument for sufficiency uses the surgery method and the condition n ≥ 7, which guarantees
that M and βM each have dimension at least 5, the range where the h-cobordism theorem applies.
Suppose that indS
1-fb(M,∂M) = 0 and that M and βM are simply connected. First assume that
βM is spin. Then we have the condition α(βM) = 0, and βM admits a metric of positive scalar
curvature by [29]. If the line bundle L over βM has c1(L) = 0 mod 2, then MΣ is spin, and
vanishing of α(MΣ) is the second part of the condition that ind
S1-fb(M,∂M) = 0. In this case
the KU obstruction automatically vanishes, and so by Proposition 3.14, (M,∂M) is cobordant (in
the sense of Definition 3.11) to a disjoint union of a closed simply connected spin n-manifold with
vanishing α-invariant and βM ×D2, both of which admit positive scalar curvature. Then (M,∂M)
admits positive scalar curvature by Theorem 3.16.
Next, suppose that βM is spin but the line bundle L over βM has c1(L) 6= 0 mod 2. If
indS
1-fb(M,∂M) = 0, then α(βM) = 0, and βM admits a metric of positive scalar curvature. But
in this case MΣ is nonspin, and the condition ind
S1-fb(M,∂M) = 0 also gives vanishing of the
KU -index of ∂/MΣ . By Proposition 3.14, (M,∂M) is cobordant (in the sense of Definition 3.11)
to a disjoint union of a closed simply connected spin n-manifold with vanishing α-invariant and
an example like that of Example 3.7 with vanishing KU -index. The former admits positive scalar
curvature by Stolz’s Theorem [29], and the latter admits positive scalar curvature by Theorem
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4.3 and Corollary 5.3 to Theorem 5.2. Once again, (M,∂M) admits positive scalar curvature by
Theorem 3.16.
Now consider the case where βM is not spin. Then the KOn−2 obstruction automatically van-
ishes, βM is spinc, and MΣ is spin. In this case vanishing of ind
S1-fb(M,∂M) shows that (M,∂M)
is cobordant to a disjoint union of a closed simply connected spin n-manifold with vanishing α-
invariant and the disk bundle of L. Both of these have positive scalar curvature (the latter because
of Corollary 3.10), so again (M,∂M) admits positive scalar curvature by Theorem 3.16. 
Remark 3.19. Theorem 3.17 can also be reformulated as the statement labeled Theorem B in
Section 1, using the map αS
1-fb obtained by naturality of the cofiber to get a commutative diagram
of spectra
Σ(MSpin ∧ CP∞+ ) ∨ ΣMSpinc MSpin MSpinS1-fb
Σ(KO ∧ CP∞+ ) ∨ ΣKU KO KOS1-fb.
//τ

Σ(α∧Id)∨Σαc
//i

α

αS
1-fb
//τ
KO
//i
KO
The point is that αS
1-fb incorporates both indS
1-fb and the relative index on the kernel of αS
1-fb.
One can see this from a calculation showing that the homotopy groups of KOS
1-fb actually split, as
KOS
1-fb
n
∼= KOn−2 ⊕Kn−2 ⊕Kn−4 ⊕KOn.
Remark 3.20. Careful examination of the proof above shows that we don’t really need to assume
that βM is connected. The theorem still applies when βM has more than one component, as long
as each component is simply connected. In this situation, it is possible to have “mixing” of the
various cases, as it is possible for some components of βM to be spin and for other components
not to be spin.
4. A spinc surgery theorem
In this section we adapt the methods of Gromov and Lawson [12] and Hoelzel [14] to the situation
needed in Section 3. Recall that to show that a manifold with S1-fibered singularities admits a
conical metric of positive scalar curvature, sometimes we need to deal with the effect of surgery on
the Bochner term 14κβM +RL in the square of the Dirac operator on a spinc manifold βM with the
line bundle L determined by the spinc structure. For the proof of Theorem 3.17, we need to know
that under some circumstances, positivity of this term is preserved by spinc surgeries (which of
course can change the line bundle L). This will provide a partial converse to [18, Corollary D.17],
and show that under some circumstances, existence of a positive scalar curvature metric on βM
together with a hermitian metric and connection on L for which 14κβM +RL > 0 is equivalent to
vanishing of αc(M,L).
We need to consider coupling between the Riemannian curvature and the curvature of a line
bundle L (which is just given by an ordinary 2-form ω, which after dividing by 2pi i, has integral de
Rham class representing c1(L)). Now recall [18, Lemma D.13], which says that any 2-form ω with
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2pi i in the de Rham class of c1(L) can be realized as the curvature of some unitary connection on
L. To state the next theorem we need to recall the defintion of spinc surgery.
Definition 4.1. Let (M,L) be a closed spinc manifold (so M is a closed oriented manifold and L
is a complex line bundle on M with c1(L) reducing mod 2 to w2(M)). We say that (M
′, L′) be
obtained from (M,L) by spinc surgery in codimension k if there is a sphere Sn−k embedded in M
with trivial normal bundle, M ′ is the result of gluing in Dn−k+1×Sk−1 in place of Sn−k×Dk, and
there is a spinc line bundle L on the trace of the surgery—a bordism from M to M ′—restricting
to L on M , and the bundle L′ on M ′ is the restriction of L.
The following theorem deals with “twisted scalar curvature” on a spinc manifold, the twisting
coming from the curvature of the spinc line bundle, as advertised in the Abstract of this paper.
Theorem 4.2 (Spinc surgery theorem). Let Mn be a closed n-dimensional spinc manifold, with
line bundle L over M defining the spinc structure. Assume that M admits a Riemannian metric g
and L admits a hermitian bundle metric h and a unitary connection such that 14κM +RL > 0 (in
the notation of the proof of Theorem 3.17). Let (M ′, L′) be obtained from (M,L) by spinc surgery
in codimension k ≥ 3, as in Definition 4.1. Then there is a metric g′ on M ′, and L′ admits a
hermitian bundle metric h′ and a unitary connection, such that 14κM ′ +RL′ > 0.
This leads to the following bordism theorem, which was needed in the proof of Theorem 3.17.
Theorem 4.3 (Spinc bordism theorem). Let Mn be a connected closed n-dimensional spinc man-
ifold which is not spin, with line bundle L over M defining the spinc structure. Assume that M is
simply connected and that n ≥ 5. Also assume that there exists a pair (M ′, L′) in the same bordism
class in Ωspin
c
n with a metric g′ on M ′ and a hermitian metric h′ and a unitary connection on L′
such that 14κM ′ + RL′ > 0. Then M admits a Riemannian metric g and L admits a hermitian
bundle metric h and a unitary connection such that 14κM +RL > 0.
Proof of Theorem 4.3 assuming Theorem 4.2. The following argument is adapted from [12]. First
of all, by Theorem 4.2 we can kill off pi0 and pi1 of M
′ and assume that M ′ is simply connected. Let
W be a spinc manifold with spinc line bundle L and with ∂W = M q −M ′, L|M ′ = L′, L|M = L.
Doing spinc surgery on W if necessary, we can also assume that W is simply connected. In order
for M to be obtainable from M ′ by spinc surgery in codimension ≥ 3, we need the inclusion map
M ↪→W to be a 2-equivalence, i.e., to induce an isomorphism on pi0 and pi1 and a surjection on pi2.
The pi0 and pi1 conditions certainly hold since M and W are simply connected. By the Hurewicz
Theorem, we may identify pi2(M) and pi2(W ) with H2(M) and H2(W ), respectively, and thus we
need to be able to kill H2(W,M) by surgery. Now since n ≥ 5, pi2(W ) and pi2(M) are represented by
smoothly embedded 2-spheres. The normal bundles of these 2-spheres are determined by the second
Stiefel-Whitney class w2, which we can view by the Hurewicz Theorem and Universal Coefficient
Theorem as a map from pi2 to Z/2, and the spinc condition says that c1(L) reduces mod 2 to w2(W ),
and similarly c1(L) reduces mod 2 to w2(M) 6= 0. The kernel of w2(W ) in pi2(W ) is represented
by smoothly embedded 2-spheres with trivial normal bundles, and may be killed off by surgeries in
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the interior of W . Doing this reduces H2(W ) to Z/2 and kills H2(W,M). Then by the proof of the
h-Cobordism Theorem, using handle cancellations as in [22] or [16, Lemma 1], M can be obtained
from M ′ by spinc surgeries in codimension ≥ 3, and we can apply Theorem 4.2. 
Proof of Theorem 4.2. Let Nn−k ↪→ Mn be the embedded sphere on which we are doing surgery.
Recall the proof of the surgery theorem in [12] or in [14]: we “bend” the metric g on a neighborhood
Nn−k×Dk of N , preserving the property of positive scalar curvature, so that close to N the metric
looks like the standard metric on Sn−k(r1) × Sk−1(r2) × [0, 1], for suitable r1, r2 > 0. Then it
is clearly possible to glue in a handle isometrically, and since k − 1 ≥ 2 and thus the second
factor has positive scalar curvature, we get positive scalar curvature on the new manifold M ′. In
the course of this process, the scalar curvature only goes up from κM to the scalar curvature of
Sn−k(r1)×Sk−1(r2), and thus during the bend, the property that 14κM +RL > 0 is preserved. Now
we can proceed as follows: once the bend is completed, in a still smaller neighborhood of N , we can
change the curvature 2-form ω of L by any exact form, and we can choose this exact form to kill
off RL altogether in this small neighborhood, except in the case where n− k = 2 and 〈c1(L), [N ]〉
is nonzero. Fortunately this case can never arise, because if N = S2 and L|N is topologically
nontrivial, then since the trace of the surgery Wn+1 is obtained by attaching a 3-handle to kill
[N ], the boundary map H2(M)→ H3(W,M) has to kill c1(L), which shows that L cannot be the
restriction of a line bundle over W .
Thus we can assume RL vanishes in a small neighborhood of the sphere on which we are doing
the surgery, and then gluing in a standard handle preserves the curvature condition. 
5. CP2 bundles
In this section we prove some results about spinc bordism and CP2 bundles needed for the proof
of Theorem 3.17. These might be of independent interest. (Indeed, they were hinted at in [17, p.
235], but the work of R. Jung alluded to there never appeared.) We will make extensive use of
some calculations of Fu¨hring [11].
First we recall some basic facts about spinc bordism. The basic references are [31, Chapter
XI], [24, §8], and [15]. There is an equivalence MSpinc ' Σ−2MSpin ∧ CP∞, corresponding to the
isomorphism of bordism groups Ωspin
c
n
∼= Ω˜spinn+2(CP∞); see the proof of Lemma 3.13. Furthermore,
classes in Spinc bordism are detected by their Stiefel Whitney numbers (which are constrained just
by the Wu relations and the vanishing of w1 and w3) and integral cohomology characteristic numbers
(where in addition to the Pontryagin classes, one can use powers c1 of the line bundle defining
the spinc structure) [31, Theorem, p. 337]. Note that the bordism class can change, depending
on the choice of spinc structure. Thus, for example, Ωspin
c
2
∼= Z, with all classes represented
by (CP1, L), L a complex line bundle with c1(L) even, and the isomorphism to Z is given by
(CP1, L) 7→ 〈c1(L), [CP1]〉/2.
To understand the kernel of the index map αc : MSpinc → KU, we can apply the following:
Theorem 5.1. One can choose generators (M,L) of Ωspin
c
n to be of the form (Mn−2k ×CPk+1, λ),
k ≤ n/2, where M runs over generators of Ωspinn−2k and λ is the canonical line bundle on CPk+1,
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raised to the power {
2, k even,
1, k odd
}
,
extended to be trivial on the other factor M . The index map αc on such a generator takes the value
Â(M) times a nonzero integer.
Proof. This follows from the fact that Ωspin
c
n
∼= Ω˜spinn+2(CP∞). From this we get an Atiyah-Hirzebruch
spectral sequence with E2 page a sum of groups H2k+2(CP∞,Ωspinn−2k). From this we get picture of
concrete geometric generators, each of the form Mn−2k × (N2k+2, L) with M spin, where the line
bundle L viewed as a map N2k+2 → CP∞ gives a generator of H2k+2(CP∞). So evidently N2k+2
should be taken to be CPk and the line bundle L over it should correspond to the spinc structure
with the smallest possible non-zero value of c1. That gives the first statement. Then since the
index of Dirac is multiplicative, we get
αc(Mn−2k × CPk+1, λ) = Â(M) · 〈A(CPk+1)ec1(λ)/2, [CPk+1]〉,
which gives the second statement. 
Here is our main theorem.
Theorem 5.2. The kernel of the index map α : Ωspin
c
n → KUn is generated by spin manifolds which
are total spaces of HP2-bundles with structure group Isom (HP2) = PSp(3) and by total spaces Mn of
fiber bundles over spinc manifolds, with fiber CP2 and with structure group Isom (CP2) = PSU(3).
One can assume that there is a split injection H2(CP2) ↪→ H2(M), and that the line bundle L
over M defined by the spinc structure comes from the canonical bundle over CP2 with its standard
hermitian metric, for which the curvature 2-form is harmonic with respect to the Fubini-Study
metric on CP2.
Proof. We prove the theorem separately after localizing at 2 and after inverting 2. When we invert
2, Ωspinn coincides with Ωn, so this follows immediately from the equivalence Ω
spinc
n
∼= Ω˜spinn+2(CP∞)
along with [11, Proposition 7.2], which shows that Ω∗ is generated by such bundles (which by
Fu¨hring’s construction are all spinc manifolds, in fact smooth complex projective varieties). The
line bundle L defining the spinc structure can affect the value of α(M,L) — for M a spinc manifold,
α(M,L) = ind ∂/M,L = 〈Â(M)ec1(L)/2, [M ]〉
by [18, Theorem D.15, p. 399] — and thus changing L can change whether or not [M,L] lies in
the kernel of α. However, when it will come to applying Theorem 5.2 to Theorem 3.17, this won’t
matter.
When we localize at 2, then we can use the Anderson-Brown-Peterson splitting of MSpin as
ko∨ (other summands), where by Stolz [29, 30], the other summands correspond to total spaces of
HP2-bundles in the kernel of α. Since MSpinc ' Σ−2MSpin ∧ CP∞, that means that after pulling
out total spaces of HP2-bundles, it suffices to look at ko∧CP∞. However, this was computed in [2,
Theorem 2.1] (and in earlier unpublished folk sources) to be a wedge of even suspensions of ku. 
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Corollary 5.3. Let Mn be a simply connected spinc manifold with α([M ]) = 0. Then after changing
M up to spinc cobordism, we can assume that M admits a Riemannian metric g of positive scalar
curvature and the line bundle L over M defining the spinc structure admits a hermitian metric h
with 14κg +Rh > 0.
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